Precise measurements, such as those made with interferometric gravitational-wave detectors, require the measurement device to be properly controlled so that the sensitivity can be as high as possible. Mirrors in the interferometer are to be located at specific operation points to isolate laser noise and to accumulate the signal in resonant cavities. On the other hand, rigid control of an auxiliary degree of freedom may result in imposing sensing noise of the control on the target object as excess force noise. Evaluation of this so-called loop noise is important in order to design a decent control scheme of the measurement device. In this paper, we show the method to calculate the level of loop noise, which has been recently implemented in simulation tools that are broadly used for designing gravitational-wave detectors.
Introduction
An interferometric gravitational-wave detector can measure a tiny change of the distance between two test masses a few kilometers apart by circulating the light in an optical resonator and also by separating the differential signal from common-mode laser noise [1] [2] [3] [4] . It is just one degree of freedom, namely, the differential motion of the mirrors in the two long optical resonators, that is used to detect gravitational waves, while there are other degrees of freedom to be controlled so that the interferometer is set properly in its desirable operating point. Development of a decent control scheme is one of the issues in such a complicated device and in order to do so, we need a method to compare different control schemes in a quantitative way. Although the robustness, simplicity, and other practical issues can also be important, we focus on the noise coupling through the control loop, which could degrade the sensitivity. Figure 1 shows our measurement device; a secondgeneration gravitational-wave detector that contains long optical resonators (arm cavities) and two recycling cavities in a Michelson interferometer. Gravitational waves will alter the differential length L − ¼ L 1 − L 2 between the input test masses (ITMs) and the end test masses (ETMs) that form the two arm cavities. There are four other degrees of freedom: the common motion of the arm cavities, L þ ¼ L 1 þ L 2 ; the average distance between the powerrecycling mirror (PRM) and the two ITMs, ℓ p ; the average distance between the signal-recycling mirror (SRM) and the two ITMs, ℓ s ; and the difference of the distance between the beam splitter (BS) and the two ITMs, ℓ m .
A control signal is obtained by taking the beat of two light fields at different frequencies. A mirror motion produces phase modulation on the probe light. A pair of RF sideband fields is used as a reference that does not probe the mirror motion. Demodulating the beat by the sideband frequency, one can obtain the control signal. In a second-generation gravitational-wave detector, two or three weak sideband fields, besides the carrier field that probes the main signal, are injected into the interferometer. The light fields are picked off at various signal-extraction ports, each of which provides us with independent information of the five degrees of freedom to be controlled. Despite the efforts to obtain good signals using multiple fields and various ports, however, it is almost impossible to achieve the perfect separation of the signal since each field probes more than one degree of freedom to some extent, especially when one takes into account the imbalances of the arm cavities, which mix up the common-mode and differential-mode motions.
The level of loop noise is determined by two factors, the strength of the control signal and the separation of the signals. If the signal of a recycling cavity is obtained using the beat of the carrier field and the RF sidebands (single demodulation), the signal will not be well separated from the information of the arm cavities. If it is obtained from the beat of two pairs of RF sideband fields (double demodulation), the separation can be better, while the strength of the signal will not be as high as the single demodulation since the sideband fields are much weaker than the carrier. With the loop-noise calculation shown in this paper, one can quantitatively compare the single and double demodulations. This allows tuning parameters such as modulation depths or modulation frequencies of the sidebands to optimize the lengthsensing and control scheme of the interferometer.
The purpose of this paper is not to make comparison of control schemes, which can be seen, for example, in Ref. [5] , but to show the basic concept of the calculation and some related topics. The structure of the paper is as follows. In Section 2, we describe control noise in a general form. In Section 3, we show the loop noise of an interferometer, focusing on the first-order and the second-order contributions to obtain a naive but intuitive understanding. In Section 4, we formulate the loop-noise calculation including all kinds of cross talk of the control signals, and we explain gain reduction of the control signal caused by strong degeneracy. In Section 5, we demonstrate loop-noise calculation. In Section 6, we introduce a so-called feed-forward technique that can be used to lower the loop-noise level and a subeffect caused by the technique.
Generic Description of Feedback Control and Loop Noise
Any kind of measurement device imposes excess noise during the process to convert a target degree of freedom to output information. A good measurement device yields high conversion factor (¼ measurement gain) H and/or low sensing noise N s during the process (see Fig. 2 ). The sensitivity on this measurement to obtain the information of x, the target degree of freedom, is determined by the measurement gain H, sensing noise N s , and excess fluctuation of the target N x . The measurement may require feedback control to set the device in its proper operation point with servo gain G. In fact, the servo gain does not affect the sensitivity, as it suppresses or enhances the signal and noise simultaneously.
A complex measurement device that contains an auxiliary degree of freedom can impose excess noise of this additional degree of freedom (n x in Fig. 2 ). While the cross talk α to the main signal could be small, the fluctuation of the auxiliary degree of freedom can be large enough to contaminate the sensitivity of this measurement. To avoid the nonorthogonality as much as possible is a key of a good measurement device.
Feedback control can be used to suppress n x , but it imposes sensing noise n s to the output y aux and, thus, to the main signal Y. Sensing noise on the auxiliary degree of freedom is inversely proportional to its measurement gain h. Here the output Y is given as
with Fig. 1 . Second-generation gravitational-wave detector. Fig. 2 . Block diagram of a feedback control system with excess noise in the measurement device.
Let us assume that x contains the signal and x aux is zero. Comparing the signal and the noise components, we obtain the noise level expressed in the same unit of the observable as
Each noise term is independent, so the sensitivity is given by taking the square sum of these terms. The underlined part is excess noise from the measurement device imposed due to the nonorthogonality of the system, which we called loop noise. It is actually only the second term of the part that appears with the nonzero open-loop gain gh, but let us extend the definition of loop noise to these two terms together for future discussion; especially for a related issue on a feed-forward technique that we show in Section 6. Equation (3) tells us that loop noise is αn x when gh ≪ 1, while it is αn s =h when gh ≫ 1.
To decrease loop noise, we should decrease α and/ or increase h. The open-loop gain gh should be properly chosen according to the ratio of noise terms at each frequency.
In this section, we introduced only the coupling from the auxiliary degree of freedom to the main signal, but there can be a coupling in the other direction, which results in reducing the gain H of the main signal. We will explain this gain reduction in Section 4.
In this section, we discuss loop noise more concretely with an interferometric gravitational-wave detector as an example measurement device. Figure 3 shows a part of the interferometer, including two pick-off ports inside and outside the power-recycling cavity. Signals obtained at the pick-off ports are fed back to the mirrors. These mirrors would be driven by seismic motion and thermal fluctuation, i.e., displacement noise, without the feedback control. In addition, sensing noise is imposed during the photodetection process, which includes quantum shot noise and photodetector noise. Once the feedback control is turned on, both displacement noise and sensing noise are suppressed in the control loop, but it does not necessarily mean that the mirror motion is suppressed. While the displacement-noise level can be lowered by the control, sensing noise on the feedback force drives the mirror. Even if classical displacement noise and detector noise is zero, shot noise that is converted to displacement noise remains in the presence of the control and would impose the ultimate limit of loop noise.
Because of degeneracy of the control signals, sensing noise of the auxiliary degrees of freedom appears in the main signal. The shot-noise level of ℓ p , ℓ m , or ℓ s expressed in displacement is worse than that of L À , since the circulating power in the recycling cavities is much lower than the power inside the arm cavities. The shot-noise level expressed in displacement, or the shot-noise-limited sensitivity, is inversely proportional to the optical gain of the target degree of freedom; thus, the circulating power is one of the important factors.
Since loop noise is imposed via control, the control bandwidth should be as narrow as possible. In a second-generation gravitational-wave detector, the lower end of the observation band is about 10 Hz and the control bandwidth is to be 10-50 Hz (this is indeed a consequence of the loop-noise calculation). Even if the control bandwidth can be set lower than the observation band, the slope of the low-pathfiltered open-loop gain in the frequency domain cannot be too steep around the higher end of the control band, the unity-gain frequency, to avoid the system turning unstable. Thus, loop noise cannot be cut off immediately above the unity-gain frequency and it can easily limit the sensitivity. Figure 4 shows a schematic of a normalized length-sensing matrix, which has been broadly used to express the signal separation at a certain frequency [6, 7] . Each off-diagonal element means the ratio of the optical gain from a nontarget degree of freedom to the target degree of freedom in each signal-extraction port. Suppose that there are three nonzero off-diagonal terms; one is the ℓ m motion mixed in the L À signal, which is nonzero as far as some fraction of the carrier light is reflected by the ITMs without entering the arm cavities, and the others 
drives mirrors in the control band and some fraction of the motion appears as noise in the L À signal. This can be regarded as the first-order contribution of loop noise. In addition to the first-order, shot noise of ℓ p and ℓ s drives mirrors and some fraction of the motion appears as the ℓ m motion, which, in turn, mixes into the L À signal. This can be regarded as the secondorder contribution [8] .
While the first-order and the second-order could explain most of the part of loop noise in the case with a well-isolated signal-sensing scheme, a complete model is necessary to compare the single demodulation and the double demodulation, etc., and to explain the gain reduction due to the signal-sensing degeneracy. We shall systematically formulate the loop-noise calculation in Section 4.
Formulation of the Loop-Noise Calculation
Let us define the sensing matrix of our measurement device D. Figure 5 shows a block diagram of a control system of the jth degree of freedom with some mixture from other degrees of freedom. The 5 × 5 matrix D converts the displacement vector x into the output vector y, the elements of which are x j and y j and the
and ℓ s , respectively. Sensing noise that is imposed on the measurement of each degree of freedom is represented by n, as well.
In the absence of the feedback control, the output vector is given by
and from the measured output y, the displacement information can be calibrated:
The gravitational-wave signal appears mainly in x 2 , so the signal-to-noise ratio in the second line of x cal would be the one to be considered [9, 10] . In fact, we usually use only the y 2 term at the calibration process for simplicity. Thus, the calibrated displacement becomesx
where we define the optical-gain vector H by H j ≡ D jj and the normalized sensing matrix A by A ji ≡ D ji =H j . On the right-hand side of Eq. (6), the first term represents the displacement information of L À (i.e., gravitational-wave signal þ displacement noise), the second term is displacement noise of the auxiliary degrees of freedom, and the third term is sensing noise on L À . Let us now turn on the servo control. In Fig. 5 , G is the feedback-gain matrix. Not only displacement noise, but also sensing noise of the auxiliary degrees of freedom, can mix into the main output through the off-diagonal terms of D and G. The output of the interferometer is given as
As we did in the case without the control, the y 2 component shall be considered. The x 2 component from Eq. (8) is taken as the gravitational-wave signal (plus displacement noise of L À ); the other x j terms are extra displacement noise, and the square sum of all the n j components is sensing noise. If DG were perfectly diagonal, the matrix ðI þ DGÞ À1 would have nothing to do with the signal-to-noise ratio, which would be just like the one obtained from Eq. (5), but it cannot be perfectly diagonal indeed and the nondiagonal matrix DG plays an important role in generating loop noise. We will have discussions about the diagonalization in Section 6.
Suppose G is diagonal. We can approximate ðI þ DGÞ −1 ≃ ðDGÞ −1 when the open-loop gains are sufficiently high. The second row of Eq. (8) then becomes
which gives the loop-noise level in the unit of displacement as
Displacement noise of the auxiliary degrees of freedom appears to be zero. It represents the fact that the feedback control suppresses these motions. On the other hand, sensing noise of the auxiliary degrees of freedom couples to x loop through the inverse matrix A −1 . Determinant of A appears in the denominator on the right-hand side of Eq. (10), as if the optical gain becomes smaller than H j . This gain reduction is what we did not see by the simple argument with the first-and second-order contributions in Section 3.
Let us show a simple example. Suppose there is a coupling of ℓ m in L À , represented by a, the Fig. 5 . Block diagram that shows the mixture of sensing noise and displacement noise of other degrees of freedom into each output. Here G ik is the electric feedback-gain matrix element that sends y k into x i , and D ji is the sensing matrix element that expresses the coupling from x i into y j . We split D ji into the optical gain H j and the normalized matrix element A ji . differential-mode and the common-mode controls of the recycling cavities are nonorthogonal by b, and the common-mode controls are significantly nonorthogonal by 1 − ϵ, where a, b, ϵ ≪ 1; this is a typical situation in a second-generation gravitational-wave detector. The sensing matrix may be given as
The inverse matrix of A is, approximately,
and the sensitivity becomes
One can see the couplings from ℓ p and ℓ s have increased according to the gain reduction by the nonorthogonality factor ϵ.
Implementation
The concept of the loop-noise calculation is very simple, as we have seen. The calculation of the optical-gain matrix D, on the other hand, is quite complicated to be done analytically, but there are a couple of frequency-domain simulation codes that we can rely on for this kind of matter [11, 12] . One can obtain the optical-gain matrix using one of the codes, set up an appropriate feedback-gain matrix, and then implement them into Eq. (8) to get a loop-noise spectrum. There have been a number of loop-noise calculators based on our model [13] [14] [15] . Here we use our latest program written for a secondgeneration gravitational-wave detector [16] . The optical gain is calculated with the simulation software Optickle [12] . Figure 6 shows two tables, each of which is the normalized sensing matrix and the optical gain of the detector with a different signal-extraction scheme. The carrier light enters the arm cavities and returns to the reflection port (REFL). One of the phase-modulated sideband fields f 1 transmits through the central recycling cavities and goes to the antisymmetric port (AS). The other pair of phase-modulated sideband fields f 2 enters the power-recycling cavity and comes back to the reflection port. Reasonable imbalances in the arms and imperfections of the mirrors are included in the calculation. In Fig. 6(a) , case (i)
recycling cavity (PO) are similar but still different [5] . The offdiagonal terms A 31 , A 32 , A 51 , A 52 , and A 53 are not small. In Fig. 6(b) , case (ii), ℓ p and ℓ s are obtained with double demodulation. The error signals are reasonably separated. Each element of the sensing matrix is a complex number. The number shown at the center is the absolute value of each element and the number on the shoulder is the argument; for example, in Fig. 6(b) , the relative phases of A 35 and A 53 are different by 180°so ℓ p and ℓ s are not degenerated. While the matrices show a better signal separation with double demodulation, the optical gain is lower than that with single demodulation. We cannot simply say which case is the better one from these matrices. Therefore, we need to compute the loop-noise spectra. Figure 7 shows the loop-noise spectra. Here the control bandwidth of the recycling cavities is set to 50 Hz, the servo gain decreases simply by 1=f, and displacement noise of a recycling cavity is at the same level as the arm cavities. Figure 7 (a) corresponds to case (i) and Fig. 7 (b) to case (ii). Comparing the two cases, now we can see case (i), with the poorer signal separation and the higher optical gain, is better than case (ii). In fact, case (i) turns out to be the best of various possible signal-extraction schemes for this detector. Loop noise in either case contaminates the sensitivity in the observation band, unless we use a so-called feed-forward technique to reduce the effective noise coupling from other degrees of freedom to L À , which will be explained in Section 6.
Our code to calculate loop noise has been implemented in the simulation tools for the second- generation detectors. First we developed the code for Advanced-LIGO [21] , which has been refined by a number of people. A similar code is used for Advanced-Virgo [22] . It is planned, in AdvancedVirgo, to change the detuning phase dynamically with different input laser powers, for which loopnoise analysis is a key issue. We wrote a slightly new code for the Japanese second-generation detector LCGT [16] . Proper treatment for the feed-forward technique was made for the new code. For the calculation results shown in Figs. 6-8 , we use the parameters for LCGT.
Feed-Forward and Displacement-Noise Coupling
So far we have considered the feedback-gain matrix G to be a diagonal matrix. When the open-loop gain is sufficiently high, Eq. (8) becomes
By choosing proper matrix G, the matrix G −1 D −1 could be diagonalized so that each signal is free from shot noise of the other degrees of freedom. This feedforward technique has been already used in currently operated gravitational-wave detectors. One can drive the L À motion according to the output fluctuation of the auxiliary degrees of freedom. Sensing noise coupled through the control loop can be canceled by this additional displacement on L À . The suppression factor of loop noise in a current detector is as much as 30-60 dB and it can be even more, while we should note that it is challenging to keep such high cancellation for long time.
Suppose the matrix G −1 D −1 is diagonalized (i.e., DG is diagonalized). We have learned in Eq. (8) that this diagonalization will make the sensitivity just like that without feedback control, and Eq. (14) tells us that it is indeed true. Without the feedback control, all the mirrors are moving freely and the motion of the mirrors appear via D in the L À as extra displacement noise. With the feedback control and feedforward, L À is driven by the same amount as the original displacement noise of the auxiliary degrees of freedom, while the mirrors are under control.
In practice, we do not diagonalize G −1 D −1 , which requires too many feed-forward paths, but make the couplings from the recycling cavities to L À zero by choosing proper G 23 , G 24 , and G 25 . In the absence of other off-diagonal terms in G, these feed-forward terms are given by the determinants of a 3 × 3 reduced inverse D matrix:
as
In fact, according to the method used for feedback control in the gravitational-wave detector, there exist a few nonzero off-diagonal terms in G before the feedforward. We will discuss this natural cross talk in the feedback control in Appendix A. Figure 8 shows the loop-noise level with and without the feed-forward. The sensing scheme and the setup are the same as that for the left panel of Fig. 7 . The natural cross talk in G are not included. The feed-forward gains G 23 , G 24 , and G 25 are the optimal ones with a AE3% error on each term, which corresponds to the ∼30 dB suppression (here we take a square average of eight combinations; þ3% or À3% on G 23 , G 24 , or G 25 ). One can see that the feedforward decreases loop noise from the recycling cavities at high frequencies, while it increases at low frequencies since displacement noise on the recycling cavities is imposed on L À . This implies that the feedforward should be turned off at low frequencies where the displacement-noise level is higher than the shot-noise level. One can also see that feedforward increases L þ loop noise, which is equivalent to frequency noise. This can be reduced by adding the appropriate G 21 term, which is not in the plan of the current detector, but could be considered.
Summary
We presented the basic concept of loop noise, which is one of the important issues in a gravitational-wave detector. Degeneracy of the signal-sensing matrix of the device with multiple degrees of freedom causes the mixture of shot noise via control loops. We showed that the degeneracy also reduces the optical gain, which results in deterioration of the sensitivity. The loop-noise calculation tool let us compare different control schemes in terms of the noise level. Loop noise can limit the sensitivity of a gravitational-wave detector and the control scheme should be carefully chosen. The feed-forward technique is a way to reduce the contribution of loop noise, but it introduces displacement noise of auxiliary degrees of freedom to the main signal and also increases the frequencynoise coupling if we implement only the feed-forward for the recycling cavities.
